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thermodynamics

The interplay of competing crystalline phases and 
competing electronic phases



Quantum oscillations 
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Synthesis

• What techniques do we use to make these 
materials? 

• Why are some materials difficult to make and other 
easy?



Making compounds

• The compounds that one can make are generally determined by where the minimum in the 
free energy occurs, which in turn depends on a balance of the entropy (generally the 
change in configurational entropy) and the enthalpy (mostly the gain in energy in bonding).
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Binary phase diagrams
Fisher/Shapiro/Analytis Philosophical Magazine 2012
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Phase diagram of Cd3As2



Congruent and incongruent 
melts

• In many binary phase diagrams more than one solid 
phase can be made. 

• Intermediate phases can be classed as either 

• congruently melting (melt from a homogeneous 
solid to a homogeneous liquid) 

• incongruently melting (the solid decomposes on 
heating to a two-phase mixture of solid and liquid 
where multiple solid phases may be in equilibrium)

8



Binary phase diagrams
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Phase diagram of Na2CO3-
IrO2

See Ruiz (Sunday afternoon)



PARTII: 
Adiabaticity, Quantum Oscillations and the 

Berry’s phase.
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Disorder and thermal 
fluctuations

Thermal fluctuations

Disorder



Quantum oscillations are a 
litmus test for metal purity

• Consider a really clean metal 
with a Fermi velocity of 
1x106m/s and a mean free 
path 100nm.  

• At 10T, the quantum 
oscillations are suppressed to 
1:1000.



Quantum oscillations are a 
litmus test for metal purity

• Consider a really clean metal 
with a Fermi velocity of 
1x106m/s and a mean free 
path 100nm.  

• At 10T, the quantum 
oscillations are suppressed to 
1:1000.

• Now consider a pretty good 
metal with a Fermi velocity of 
1x106m/s and a mean free 
path 10nm.  

• At 10T, the quantum 
oscillations are suppressed to 
1:1027!
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Integer quantum Hall effect
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2DEG

von Klitzing, Dorda and Pepper, PRL 1980
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Berry curvature

• IQHE can be understood as a topological invariant arising from the topology of 
wave functions, which in this case exist in a (magnetic) Brillouin zone with the 
topology of a torus.
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Berry curvature

• IQHE can be understood as a topological invariant arising from the topology of 
wave functions, which in this case exist in a (magnetic) Brillouin zone with the 
topology of a torus.
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Mikitik and Sharlai PRL 1999, also Laura Roth PRB 1966



Integer quantum Hall effect 
(graphene)

B

Graphene

P. Kim & Novoselov/Geim Nature 2005



Landau quantization in a 2D 
square lattice

Hofstadter Butterfly (PRB 1976) Analytis AMJP 2004
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Landau quantization in a 2D 
square lattice

Bulk states Edge states
By breaking the translation symmetry at the boundary, we 
immediately get edge states that connect the bulk states
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Part II: Fermi arcs and 
Weyl orbits
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The chirality conveyor belt
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Weyl orbits

kz
kx

ky

kx

E

+ -

c) d)

b)a)

2α
kz

kx

+ -+-

k

E

||

kz
kx

y

L

-+

-+

x
y

B
v

B

v

kz
kx

y
-+

B
v

Bulk

Bottom Surface

"

karc

bulk
arc

Surface-to-Bulk Transfer

L

An
dr

ew
 C

. P
ot

te
r, 

 I.
Ki

m
ch

i, 
A.

 V
is

hw
an

at
h,

 N
at

ur
e 

C
om

m
un

ic
at

io
ns

 (2
01

4)

kz
kx

ky

kx

E

+ -

c) d)

b)a)

2α
kz

kx

+ -+-

k

E

||

kz
kx

y

L

-+

-+

x
y

B
v

B

v

kz
kx

y
-+

B
v

Bulk Landau Levels



Some remarks
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• The cyclotron “Weyl” orbit involves a real space and k-space 
path. 

• Real space trajectory encloses no flux (Lorentz force free path).  

• From a quantum oscillatory point of view, it looks a lot like a 2D 
orbit with area Ak, or equivalently frequency f1/B
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Focused Ion Beam 
microstructuring Cd3As2
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New quantum oscillatory 
frequency at ~60T (k0~0.08Å-1)



New quantum oscillatory 
frequency at ~60T (k0~0.08Å-1)

Note this is approximately the k0 measured by ARPES

Yi et al. Sci. Rep. 4, 6106 (2014)



Oscillations are 2D

3

FIG. 2. Angle dependence - a) Angle dependence of the
quantum oscillation spectrum measured in the 150nm device.
As the field is rotated away from the perpendicular config-
uration (0�), the surface frequency FS increases and shrinks
in amplitude, while the bulk frequency, FB , is virtually un-
a↵ected. b) Polar plot of the detected angle dependence for
both the bulk FB and the surface frequency FS . FB is al-
most isotropic in agreement with previous quantum oscillation
studies(16), while FS increases as the field is rotated towards
a parallel configuration. It follows a (cos ✓)�1-dependence
which is mapped onto a straight, o↵-center line in a polar
plot. This is characteristic for orbital motion determined by
the perpendicular field component and clearly establishes FS
as a surface frequency. c) The temperature dependence of
the quantum oscillation amplitudes for both surface and bulk
oscillations is well-described by the Lifshitz-Kosevich formal-
ism. The e↵ective mass can be extracted as a fitting parame-
ter and a bulk mass of 0.044me is obtained, in good agreement
to previously reported values for the bulk(23). The surface
frequency FS appears slightly heavier (0.05me).

An extrinsic, non-topological origin of the surface
states is unlikely: band-bending due to Ga ion implanta-
tion in the fabrication would involve substantial surface
disorder, which would destroy coherent quantum oscilla-
tions. Moreover, a non-topological surface state would
exhibit either spin degeneracy or spin-orbit splitting, re-

sulting in two sets of surface oscillation frequencies –
which is not observed. Lastly, by analyzing the temper-
ature dependence of the oscillation amplitudes accord-
ing to the Lifshitz-Kosevich formalism, the e↵ective cy-
clotron mass m⇤ of each orbit can be extracted[28]. We
find an e↵ective mass of 0.044me for the bulk, similar to
previously reported measurements on bulk crystals[24].
The surface state state oscillations exhibit a similar mass
of 0.050me, suggesting that it originates from the bulk
Cd3As2 bands, rather than from some extrinsic source
(see Fig. 2c). The experimental results are quantitatively
consistent with the predictions for the Weyl orbit, as we
will present in the following.
The value of the observed surface frequency provides

the first evidence for Weyl orbits. The trajectory of the
Weyl orbit consists of both chiral bulk and Fermi arc
surface states. The quantum oscillation frequency FS can
be estimated from the time spent in each of them[26]:,
yielding:

FS =
EF k0
e⇡vF

⇡ 56T (1)

The length of the surface Fermi arc in reciprocal space
may be approximated as k0 ⇡ 0.8nm�1 using the k-space
separation of the Dirac points determined by Ref. 17.
The bulk quantum oscillation frequency and e↵ective
mass provide direct access to the Fermi energy EF =
192meV and the Fermi velocity vF = 8.8 105m/s of the
microstructured crystal shown in Fig. 1 (See supplement
for an analysis of the quantum oscillations). The result-
ing theoretical estimate of FS ⇡ 56T is in good quanti-
tative agreement with the measured FS = 61.5T.
A key distinction of between the Weyl orbit and triv-

ial or TI-like surface trajectories is that it the former in-
volves both bulk and surface states and includes a path
through the sample bulk connecting both opposite sur-
faces. In particular, this orbit can only contribute to co-
herent quantum oscillations in samples thinner than the
bulk mean free path. Trivial and TI-like surface states,
on the other hand, would exists on each surface regard-
less of the thickness of the bulk separating them. Thus,
to distinguish these possibilities, we now turn to a sys-
tematic analysis of the e↵ect of sample thickness.
A bulk mean-free-path longer than or comparable to

the sample thickness is an essential prerequisite for co-
herence of the Weyl orbits. This can be directly observed
in the low-field transverse magnetoresistance for in-plane
fields (Fig 3a). At very low fields, a peak in the magne-
toresistance with a broad maximum followed by a strong
negative magnetoresistance is observed before eventually
the bulk magnetoresistance is recovered at high fields.
This enhancement of scattering in ultra-pure systems is a
semi-classical e↵ect arising from the di↵use scattering of
otherwise ballistic electrons at the boundaries of strongly
confined microstructures[29]. It is well-studied in ultra-
pure hydrodynamic systems, such as the viscous flow

Philip J. W. Moll, JGA et al.  arXiv:1505.02817



And grows exponentially with 
thinness

`MFP ⇡ 1.2µm

Knudsen Effect (only around 0°)
Max @ rc/2

� Occurs only if device thickness < mean free path

� Maximum position scales with cyclotron radius

> independent measurement of effective thickness

� Quantitative agreement : using literature values for EF and vF

Knudsen width = 620nm for SEM-measured width of 500nm

Cyclotron radius = 2 * width
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Some other, unexpected 
details
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Non-adiabatic corrections in 
Weyl orbits?

�Fs(B) ⇡ �4↵
`B
karc

Andrew C. Potter,  I.Kimchi, A. Vishwanath, Nature Communications (2014)

We get α~1.2
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Does the phase of the oscillations 
depend on thickness?

• Detailed thickness 
dependence prohibitively 
difficult at the moment 
(frequency is too high and 
would require 1nm thickness 
dependence) 

• So we came up with 
something different - a 
triangular geometry.  

• The orbit is averaging over all 
length scales, causing the 
QOs to destructively interfere.
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Observation Trivial Weyl

2D QOs Y Y

Frequency ~56T Coincidence Y

Amplitude 
exponential with L Close Y

Onset at L=2l Coincidence Y

Parallel surface 
required N Y

Field dependent 
phase. Unphysical Y

Saturation field B* N N (not yet)



Take a walk on the Weyl side

9

Ta!

As!

Γ"

Y!

X!

M!
X!Γ"

M!

ARPES Weyl semimetal (001) surf." Theory (001) surf. "

1.0"
"
"
"

0.5"
"
"
"

0.0"

k x
 (Å

-1
)!

1.5" 1.0" 0.5"
ky (Å-1)!

0.0" -0.5" -1.0"

2"
"
"
"

1"
"
"
"

0"

In
te

ns
ity

 a
.u

.)"

50      40      30      20     10       0"

As"
3d"

Ta"
4f"

Ta"
4p"

20     30     40      50     60    70    80"

A! B! C!

D!

2θ (deg)" EB (eV)!

In
te

ns
ity

 a
.u

.)"

FIG. 1: The crystal structure and an overview of the electronic structure of TaAs. a,

Boby-centred tetragonal structure of TaAs, shown as stacked TaAs layers. An electric polarization

is induced due to dimples in the TaAs lattice. The arrangement of Ta atoms for each layer (Ta1 to

Ta4) is illustrated in the bottom-right panel. b, X-ray di↵raction measurements showing the lattice

parameters matching well with the space group of I41md. c, ARPES core level spectrum showing

clear Ta 4f and As 3d core level peaks. d, The Fermi surface of the (001) cleaving plane of TaAs,

showing Fermi arcs near the X̄ point, near the Ȳ point, near the midpoint of the X̄ point and the

�̄ point and near the midpoint of the Ȳ point and the �̄ point. e, An ab initio band structure

calculation of the surface states on the (001) surface of TaAs, in agreement with our experimental

data.
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calculation of the surface states on the (001) surface of TaAs, in agreement with our experimental

data.

ARPES on TaAs  
(Hasan group, Nat. Comm. ‘15)

STM on Cd3As2 
(Yazdani group, Nat. Mat. ’14)

Negative MR on Na3Bi 
(Ong group, Science ‘15)

Non-local transport 
(Xiu group, Fudan ’15)



Amplitude onsets at L~2l 
(Knudsen effect)

4

FIG. 3. Thickness dependence - a) A magnetoresistance
maximum was observed in all studied samples for fields ap-
plied parallel to the surface. This peak arises from the semi-
classical Knudsen e↵ect observed in microstructured conduc-
tors when the cyclotron radius becomes comparable to the
sample dimensions. The observation of this e↵ect is direct
experimental evidence that the microstructure thickness is
comparable to the bulk mean-free-path, a prerequisite for the
quantum coherent formation of the Weyl-orbit. b) Relative
amplitude of the surface oscillations compared to the bulk os-
cillations, for fields perpendicular to the surface at 2K. The
surface oscillations are unobservable for devices thicker than
3µm, and their relative weight grows with thinning of the
samples. The quantum oscillation spectrum of the thinnest
device is dominated by the surface oscillation FS. The ampli-
tude suppression is well described by an exponential decay.

of 3He through capillaries (Knudsen-e↵ect) or in high
quality, geometrically confined conductors (Ghurzi-flow)
such as semiconductor-heterostructures and clean metal
whiskers [30]. The resistance maximum at the Knudsen
peak occurs at maximal boundary scattering of the bent
electron trajectories, i.e. at 2rc = L up to a small numer-
ical factor[31], where rc =

~kF
eB is the cyclotron radius. As

a result, the position of the maximum is expected to shift
to higher fields as the sample thickness is decreased, as
is observed in the Cd3As2 microstructures (Fig 3a). The
Knudsen e↵ect is a direct consequence of ballistic electron
motion between the opposite surfaces and thus directly
evidences that the thickness of the studied microstruc-
tures is comparable to the bulk mean free path.

At high fields above the Knudsen regime, the frequency
spectrum of the quantum oscillations shows a strong
thickness dependence (Fig 3b). No trace of the sur-
face frequency FS has been observed in devices thicker
than 3µm, in agreement with its absence in previous bulk
quantum oscillation measurements. As the sample thick-
ness is reduced, its relative weight compared to the bulk
frequency strongly increases, and devices thinner than
500nm are dominated by the surface oscillation. The in-
crease in the various studied samples follows an exponen-
tial behavior, with decay length d = 625nm. This value
should be compared to the bulk mean free path estimated
from transport as ` = vF ⌧ = vFm⇤

ne2⇢0
⇡ 1.0µm where ⇢0 =

55µ⌦cm is the zero-field resistivity of the microstructure

measured at 2K, n = 2k3
F

3⇡2 ⇡ 2.5 1018cm�3 is the bulk car-
rier density estimated for the two-fold degenerate spher-
ical Fermi surface and kF = m⇤vF

~ ⇡ 3.3 108m�1 is the
Fermi momentum extracted from the Shubnikov-deHaas
oscillations. This estimate of the mean free path is in
good quantitative agreement with the observation of the
Knudsen flow maximum. As the closed Weyl orbit con-
tains two path segments traversing the bulk, each at op-
posite chirality, the e↵ective bulk path length is twice the
device thickness L. The agreement between 2d ⇡ 1.25µm
and ` ⇡ 1.0µm is remarkable, and suggests that the ob-
served orbit involves path segments traversing the bulk.
In any other kind of surface state, it is expected that the
mean free path on the surface should be substantially
di↵erent from the bulk, yet the observed coincidence of
these scales is a natural consequence of the Weyl orbit
combining surface and bulk path segments (Fig 1).

The phase of the Shubnikov-de Haas oscillations can
help distinguish between trivial and Dirac states, because
they di↵er by ⇡ due their di↵erent Berry’s phase. In the
present case, we observe deviations from ideal periodic-
ity of the oscillations in inverse magnetic field, appearing
as a continuously drifting phase with increasing field, as
shown in Fig. 4. Similar deviations have been observed
due to g-factor band splitting in strongly spin-orbit cou-
pled materials[32], but the absence of spin-splitting in
the SdH data suggests this is not the origin in our ma-
terials. However, PKV predicted that there should ap-
pear non-adiabatic corrections to Weyl orbit oscillations
due to field-induced tunneling between Fermi arc states
and bulk states, occuring as the orbiting quasiparticles
approach the Weyl node. A single Weyl orbit will en-
counter four such tunneling processes, leading to a phase
deviation that is in quantitative agreement with what we
observe (Fig. 4, and Supplementary Information). This
phase drift is peculiar to Weyl orbits, suggesting that
they are indeed the origin of our observed oscillations.

The FIB fabrication technique involves the irradiation
of the sample with 60keV Ga2+ ions, and the surfaces
are known to be amorphous and to contain Ga impuri-
ties. Therefore, despite the quantitative agreement with

(B Parallel to surface only)

`MFP ⇡ 1.2µm

Knudsen Effect (only around 0°)
Max @ rc/2

� Occurs only if device thickness < mean free path

� Maximum position scales with cyclotron radius

> independent measurement of effective thickness

� Quantitative agreement : using literature values for EF and vF

Knudsen width = 620nm for SEM-measured width of 500nm

Cyclotron radius = 2 * width
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Mass corrections in TI 
surface states?

• Seen in Rashba systems 
(BiTeI) and TIs 

• But…. 

1.  the effect seems to go in 
the wrong direction 

2. The g-factor required is 
300 (10x anything 
measured in these 
compounds)

Analytis et al Nature Physics 2010



Transport and Focused Ion 
Beam microstructuring



FIB devices



A new 2D quantum 
oscillation



What about trivial surface 
states?

Exponential dependence on thickness 
Onset at L=2lambda



Non-adiabatic corrections



Triangular vs parallel plate 
device




